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In this p a p e r  we c o n s i d e r  the p o s s i b i l i t y  of so lv ing  p r o b l e m s  of nons t eady  hea t  t r a n s f e r  in a 
l a y e r  by a f r equency  me thod  which  m a k e s  it p o s s i b l e ,  c o m p a r a t i v e l y  s imp ly ,  to au toma te  the 
ca l cu l a t i ons  by m e a n s  of a d ig i ta l  c o m p u t e r ,  sk ipping  the s t age  of an  ana ly t i ca l  d e t e r m i n a -  
t ion of the unknown funct ions  in the t ime  doma in .  

A gas  is  in jec ted  at  a cons t an t  ve loc i t y  v 0 in the d i r e c t i o n  h th rough  a f ixed l a y e r  of p a r t i c l e s .  P r i o r  
to e n t r y  into the l a y e r  the gas  t e m p e r a t u r e  is  tg (0, 7) - a funct ion of the t i m e  ~-. The  hea t  s o u r c e s  in the 
l a y e r  r e p r e s e n t  the s u m  of the cons tan t  t e r m s  which a r e  funct ions  of the gas  t e m p e r a t u r e  and that  of the 
m a t e r i a l ,  as  wel l  as  of  the t e r m s  which  a r e  independent  funct ions  of the c o o r d i n a t e  and t ime ;  h e r e  the m a -  
t e r i a l  p a r t i c l e s  and the g a s  vo lume  a r e  a f fec ted  by v a r i o u s  s o u r c e s  of p o w e r  q m  (h, T) and qg (h, ~'), r e -  
spec t i ve ly :  

qm( h, "0 = q,,o + agtg(h, x) q- amlm(h,' "r)--~- q~ (h, ~); (1) 

qg(h, "0 --- qgo -}- bglg(h, ~c) -~- bmtm (h, x) q- qgth, x). (2) 

For low values of the Bi number, when we can neglect the internal thermal resistance of the par • 
ticles, we write the following system of differential heat-transfer equations: 

Otg(h, ~) Otg(h, ~) 
+ k~ + k 2 [tg (h, ~) - -  t~ (h, ~)] 

Oh Ov 

--  k3 [qgo + bgtg(h, ~) + brat ~ (h, x) -~ q~(h, ~)] = Oi (3) 

k/~ [tg(/~, "lT)--tm(h , T)] Otra(t~' ~) q-ka[q~oq-agtg(h ' .O.q- Ctm/m(h, x)+q~(h,  "0] = 0  ( 4 )  
Or 

and we t r a n s f o r m  it a f t e r  Lap l ace  fo r  the fol lowing ze ro th  ini t ia l  condi t ions :  

0tg (h, p) 
oh + k~ptg(a, p) + k~ Itg(h, p ) -  t~(h, p)] 

k, [tg(h, p) - -  t= (h, p)] --  pt~ (h, p)] + k5 [ - ~  § agtg(h, p) + a~.t~ (h, p) + qm (h, p)] = O. (4a) 
L m _  

The solutions of systems (3a-4a) are 

l [ (k~-~kSag)tg(h' P)-~ ksq~~ P ) I  tm (h, p) = k~ - -  k~a~ + p p 
(5) 

and 
h 

,g(h, , )= oxp(-Mh){,g(o, , )+ j IN +,q:(h, ,)j oxp(.h)dh}, 
0 

(6) 
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where 

M = k~p + k z - -  kabg--  (k2 4- k3bm ) (k~ + ksa~u 
k~ - -  ksa m + p 

k5 (k2 + ksb~) q ~  , k3q_~ 
N . . . . . . .  ~ - - -  -;  

p (k 4 - -  k~a~ + p) p 
p = ks(kz @k3bm) 

k~ - -  ksa m + p 

In exp res s ions  (5) and (6) we can drop the t e r m  kip which c h a r a c t e r i z e s  the t ime requi red  for  the 
pa s sage  of the gas  through the l a y e r .  In all  cases  of p rac t i ca l  impor tance  the coefficient  k 1 is negligibly 
smal l  in compar i son  with the remain ing  coeff icients  of the sy s t em.  

The t rans i t ion f r o m  the images  (5) and (6) to the cor responding  or iginals  tg(h, 7) and tm(h, r) is 
made poss ib le  by the c l a s s i ca l  methods  covered  in [1, 21, but the resu l t ing  e x p r e s s i o n s  a re  nc ; a lways con-  
venient  for  automat ion of the calculat ions on a digital compute r .  To find the or iginals  with a "compute r , "  
it is advisable  to employ  a f requency method for  the const ruct ion of the t rans ient  r e s p o n s e s ,  a method 
widely employed in the theory of automat ic  control  [3]. 

The bas i s  of the f requency method as it appl ies  to the p rob lem under  cons idera t ion  involves the fo l -  
lowing. 

Substitution of p = jw into (5) and (6) gives us the image of the unknown t e m p e r a t u r e  in the f requency 
domain  

t (h ,  ](0) = Re(h, co) -t-]Irn(h, (0), (7) 

following which we find t(h, T) f rom the expres s ions  

t (h ,  x) --- 2 _  ~ Re(h, co) cos~(0&o (8) 
d 
0 

o r  

(if l im t (h ,  T) = limpt(h, p) = 0). 
~ ~ p ~ 0  

However ,  if 

then 

t (h ,  ~) 2 ~ ~iim(h ' (0)sin~c0dr (9) 

0 

lira t (h,  z)  = const 4~ 0, 

t(h, ~)=Rel(h, 0 )+ - -2  i Imi(h'- ~o) 
~ (0 
0 

cos ~r (10) 

o r  

t (h, x) ~ ~2 .i Rei (h,o~ (o) sin z(od(o, 
0 

(iz) 

where  R%(h, w) and Irnl(h, co) a re  de te rmined  f r o m  the expres s ions  

Re, (h, co)+)Imi(h,  (o)=j(ot(h, j(o). (12) 

The de te rmina t ion  of the or ig ina ls  with exp res s ions  (8)-(11) can be accompl i shed  on any c lass  of 
digital compu te r .  The genera l ized  real  Re and imaginary  Im frequency c h a r a c t e r i s t i c s  usually at tenuate 
rapidly  with increas ing  f requency,  so that the bounds of the imprope r  in tegra ls  can be calculated on the 
bas i s  of the rec tangle  fo rmula  in the in terval  of rea l  f requencies  
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Fig. i. Real frequency characteristic of the gas temperature: w) angular 
frequency, rad/see; Re (0.2, r the real characteristic, deg/sec. 

Fig. 2. Gas temperature at the outlet from the layer: 7) time, see; tg(0.2, T) 
the gas temperature, ~ 

0 ~ ( 0  <(0ou~; 

O)ou t i s  the o u t l e t  f r e q u e n c y  a t  w h i c h  ]WoutRe(h ,  Wout)l o r  l Wout Im(h ,  O)outl a t t a i n  0.1 of t h e i r  m a x i m u m  
a b s o l u t e  v a l u e s  and  s u b s e q u e n t l y  do  no t  e x c e e d  t h e s e  q u a n t i t i e s .  

T h e  u s e  of  the  f r e q u e n c y  m e t h o d  i s  i l l u s t r a t e d  in an  e x a m p l e  in  w h i c h  the s o l u t i o n  h a s  b e e n  a c h i e v e d  
on a "Promin" d i g i t a l  c o m p u t e r .  

Example. Determine the gas temperature at the outlet from a layer, if the zone of heat liberation 
- with the dimension Ah - shifts at a constant velocity v from the inlet cross section of the layer to the 
outlet cross section. The gas temperature in front of the inlet to the layer is given by tg(0, T). The 
power of the heat sources in the heat-liberation zone is constant: 

q~g) (h, z) = q:(g) = const 

W e  t r a n s f o r m  (13) a c c o r d i n g  to L a p l a c e :  

q~lg) (h, p) = qm(g) 
P 

SO tha t  f r o m  (6) we o b t a i n  

h h+Ah 
for - -  <~ T< - -  (13) 

v IJ 

I exp ~ h v ' 

tg(h, p ) =  1 ( kzk , k3qg ) p ( k2p q'~ + 
k4 ~ _ p _ ,  _vp_)\ k , + p  

(14) 

In (14) i f  we s u b s t i t u t e  p = j w ,  q '  = ' = , m 8000 W / k g ,  qg  12 ,000  W / k g ,  v = 0.0005 m / s e e ,  h = 0.2 m ;  
Ah  = 0.04 m ;  Cg = 1200 J / ( k g  - d e g ) ,  c m = 625 J / ( k g  . d e g ) ,  pg = 1.25 k g / m  3, P m =  1600 k g / m  3, a v = 3000 
W / ( m  3 . d e g ) ,  v 0 = 1.6 m / s e e ,  i . e . ,  k 2 = 1 .25 ,  k 3 = 0 .66667,  k 4 = 0 .003 ,  and  k s = 0 .0016 ,  we f ind  

Re(0, 2; (0) = 5. IO-~(ADF--BCF+ ACE+ BDE) , (15) 
(0~ (5.6406. l0 -s + (03) 

A - =  0.095-}- 8000(03; 

B = 21(o; 

C = 1 - -  cos 80(0; 

D = sin 80co; 

E = c o s 4 0 0 ( 0  e x p (  0"25o2 ) 7.5.10-%) 
- -  C O S  " 

9 .  t 0 - 6 +  co ~ 9-  1 0 - * +  co S' 

w h e r e  
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0"25~~ ~ sin 7.5.10-% 
F = s i n 4 0 0 m - - e x p  - 9"10-6+m ~] ~.10_6+m ~. 

The  c u r v e  for  the r e a l  c h a r a c t e r i s t i c  Re(0 .2 ,  w) is  shown in F i g .  1. The d o m a i n  of r e a l  f r e q u e n c i e s  

is  bounded by the ou t l e t  C0ou t = 0.07 r a d / s e c .  

Since  

limt(0.2; T) = O, 

we use  e x p r e s s i o n  (8), t r a n s f o r m i n g  i t  to the f o r m  
tl  

t(0.2; x ) =  2 AcoERe(0 .2 ;  r 
J l  

I 

where 

A m -  r 0.07 0.0002 rad/sec; 
n 350 

~o t = 0.0001 rad/sec; m n :  On_ 1 + Am. 

The results of the calculations according to expression (16) are shown in Fig. 2. 

(16) 

NOTATION 

~- is  the t i m e ;  
h is  the c o o r d i n a t e  of the l a y e r  in the d i r e c t i o n  of g a s - f l o w  mot ion ;  
tg,  t m a r e ,  r e s p e c t i v e l y ,  the t e m p e r a t u r e s  of the gas  and the m a t e r i a l ;  
qmo, qgo, ag ,  a m ,  bg,  b m  a r e  c o n s t a n t s ;  
k 1 = f / v  oS, k 2 = a v  7CgpgV o, k3 = Pm/CgpgVo, k4 = a v / C m P m ,  ks = 1/Cm ; 
f 
S 

Vo 
(~v 
eg, pg 
era, Pln 
P 

j = ~- i ,  Re(h, w), Ira(h, co) 

is the flowthrough cross section for the gas; 
is the lateral cross section of the layer; 
is the gas velocity; 
is the volumetric heat-transfer coefficient ; 
are, respectively, the heat capacity and density of the gas; 
are, respectively, the heat capacity and bulk density of the material; 
is the Laplace transform parameter; 
is the angular frequency; 
are the generalized real and imaginary frequency characteristics. 
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